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Fast and efficient homology algorithms are in demand 
in the applied sciences for analyzing solid materials 
and proteins, processing digital imaging data, or pat- 
tern classification among others. Recent advances em- 
ploy discrete Morse theory as a preprocessor. Re- 
search in this area has lead to the need to find com- 
plicated test examples. We present an infinite series of 
examples that have been constructed to test some of 
the latest algorithms under development. This family 
of 4-spheres (known as the Akbulut-Kirby spheres) is 
based on a handlebody construction via finitely pre- 
sented groups. 

1 Motivation 

1.1 Homology Algorithms 

Computing the homology of simplicial or more general 
cell complexes can quickly become too cumbersome 
by hand. Today, however, computers can be used to 
analyze even amazingly large complexes [5, 6]. Speed- 
ing up homology calculations is now an active field of 
research in computational topology. 

Computing homology involves the computation of 
the Smith normal form of matrices that encode geo- 
metric information about the complex. Current algo- 
rithms for computing the Smith normal form, though 
polynomial [13], are too slow for explicit computa- 
tions on large examples. However, computation time 
can be dramatically improved by employing a topo- 
logical preprocessor. 

Discrete Morse theory provides an excellent founda- 
tion for reducing a large complex to a simplified com- 
plex of the same topological (PL) type [10, 12]. We 
can then replace the matrix for which we want to find 
the Smith normal form with a much smaller one. The 
problem of finding an optimal discrete Morse function, 
however, is MV-hard [11, 14]. 

Benedetti and Lutz [3] propose using random dis- 
crete Morse theory to search for discrete Morse func- 
tions with few critical cells. Surprisingly, this ap- 
proach frequently finds the optimum even for large 
examples. In fact, it has been difficult to provide 
complicated examples on which the random heuris- 
tics performs poorly. 

The aim of this article is to provide an infinite series 
of such examples. 



Simplicial complexes can pose challenges for discrete 
Morse algorithms for various reasons. For example, if 
the underlying topological space is complicated or if 
the triangulation itself is complicated. Here we look 
at the latter case and construct a series of triangula- 
tions of the 4-dimensional sphere S^, which has trivial 
topology. "'^ The examples in the series, however, are 
composed in a rather non-trivial manner. 

2 Akbulut-Kirby Spheres 

2.1 Background 

Topologists in recent years have been working on find- 
ing counterexamples for the smooth Poincare conjec- 
ture in dimension 4. These so-called exotic spheres 
are smooth manifolds that are homeomorphic, but 
not diffeomorphic to the standard sphere 5*^, i.e., the 
round sphere with the usual differentiable structure. 
Various candidates have been introduced, many of 
which were later shown to be standard. 

We have built explicit triangulations of one such 
candidate series proposed by Akbulut and Kirby [2], 
which goes back to an example by Cappell and Shane- 
son. Gompf [9] showed that one sphere from the se- 
ries is standard, i.e., diffeomorphic to S"*. Akbulut [1] 
later proved that all examples in the whole infinite 
series are standard. 

In the following section, we will give a detailed de- 
scription of our construction of triangulations of the 
Akbulut-Kirby spheres. 

2.2 Construction 

Before going into the details of our construction of 
triangulations for the Akbulut-Kirby spheres, let us 
start with a quick overview of what's to come. The 
main idea for the spheres begins with finitely pre- 
sented groups 



G = (51, • • • ,5i 



0, 



where gi are generators and are relators in the g^'s. 
It is undecidable whether a given finitely presented 
group is the trivial group [16]. In fact, there are even 



^We study spheres because spheres can admit perfect Morse 
functions, i.e., with only two critical cells. 



group presentations with only two generators and two 
relators that are not obviously trivial. 

Let G = (x, y \ xyx = yxy; = y^^^). To see that 
this group is trivial, rearrange the first relator to get 



attach one 1-handle which we label x (in purple) and 
another 1-handlc which wc label y (in orange). 



y — X ^y ^xyx. 



Then ?/'' = x^^y^^x^yx — x^^y^^^x — x^ by substi- 
tuting the second relator twice. This yields y^ = y^^^ 
or y = e and hence x = e. Thus G is the trivial group. 

Next, take a 5-ball and attach two 1-handles repre- 
senting each of the generators x and y. Then glue in 
two 2-handles along thickened curves representing the 
relators xyx = yxy,x^ = y^~^ ■ The resulting object 
is a topological 5-ball. 

Gompf [9] proved that for all the presentations G = 
{x,y I xyx = yxy^x^ = y^~^) the resulting boundary 
4-spheres are, in fact, standard 4-spheres. 

We built simplicial complexes following this recipe. 
But we begin our construction in dimension 3. 

Start with a 3-ball and attach two 1-handles. Then 
choose two curves in the resulting handlebody that 
represent the relators. Next we take the product of 
the 3-dimensional handlebody with an interval / 
twice. We then find (copies of) the two curves in the 
boundary of the 5-dimensional handlebody xlxl. 

Consider Fig. 1 in which the red curve lies in 
the interior of the handlebody H^. After taking 

the product x /, we find 
(a copy of) the red curve on 
the boundary of i?"^ x /. On 
the boundary of H"^ x I x I 
we thicken each of the two 
curves representing the gen- 
erators xyx = yxy, x"^ = 
y^^^ to a solid 4-torus along 
which the two 2-handles are 
glued in. While the two 
curves are twisted in H^, 
the two solid 4-tori untwist 
in the boundary of H'^ x I x I. 

By gluing in the two 2-handles, we end up with 
a topological 5-ball whose boundary (if smoothed 
appropriately) is a homotopy 4-sphere [2]. For 4- 
manifolds, the categories DIFF (differentiable) and 
PL (piecewise linear) coincide, so our triangulations 
provide model spaces for the smooth setting. 




Figure 1: The red 
curve in the interior of 
H'^ is on the bound- 
ary of X I. 



Step 1: The Space. 

We begin in dimension 3. In particular, we want to 
have a 3-ball with two 1-handles which represent our 
two generators x and y, see Fig. 2. 

Notice that we have used three colors to distinguish 
the different parts of our space. Keep this picture in 
mind when we move on to the next steps. The green 
section in the center is our 3-ball. To this 3-ball we 




Figure 2: The handlebody consisting of a 3-ball 
(in green) with two 1-handles (purple for the genera- 
tor X and orange for the generator y). 

We will choose two curves that represent the two 
relators inside this space. 

Step 2: Planning the Curves. 

We draw the two curves which represent the relators. 
The two curves are xyx = yxy, which we call the blue 
curve, and x"^ = y^~^ , which we call the red curve (see 
Fig. 3 for the Akbulut-Kirby sphere with r — b). 




Figure 3: The two curves of the Akbulut-Kirby sphere 
xyx — yxy (blue) and x^ — (red) in dimension 3. 

The crossings indicate which sections of the curves 
run over or under. The embedding of the curves can 
be arbitrarily chosen as long as they run over the two 
1-handles x and y as specified by the relators. When 
we move up in dimension in Step 6, the thickened 
curves will untangle no matter how twisted or knotted 
they were in dimension 3. The particular arrangement 
shown in Fig. 3 was chosen to simplify the construc- 
tion in Step 5. 

To understand Fig. 3, begin with the blue curve 
read as xyxy~^x~^y~^ — e. Remember that we are 
on a 3-ball with two 1-handles x and y. These handles 
are oriented as indicated by the black arrows. 

For the blue curve, we begin at the blue crossing in 
the center of Fig. 3. Follow the bottom curve at the 
crossing and go up (and left) towards the x-handle. 
Then along x, back through the ball, then y, then x, 
then all the way across to the far bottom left, along 



y in the reverse direction, then x in reverse, then y in 
reverse and then finally return to our starting point 
to close the curve. The red curve x^y~'^ = e is repre- 
sented similarly. 

Step 3: Thickening of the Curves to Solid Tori. 

Fig. 3 displays the blue and red curves in which 
will be thickened to solid 3-tori. We choose triangular 
prisms to compose the solid 3-tori. In Fig. 4, we have 

3 6 9 36 3 

:47^... .41^ 

2 5 8 35 2 

Figure 4: The blue curve in Fig. 3 is thickened to a 
chain of triangular prisms. 

the prisms for the blue curve for the Akbulut-Kirby 
sphere with r = 5 (Fig. 3). The vertex labels repeat 
at the ends as they are identified to form a loop. 

Notice that the blue curve in Fig. 3 can be cut up 
into 12 strands (3 on the x-handle, 3 on the y-handle, 
and 6 inside the middle ball) every time the curve 
crosses into a different section of the handlebody (re- 
call Fig. 2). One triangular prism is used for each of 
these strands. So we used (12 x 3 =)36 vertices to 
build the blue solid torus as indicated in Fig. 4. 

We can systematically and coherently break down 
these prisms into tetrahedra by using product trian- 
gulations as described in [15] and references therein. 
This method guarantees that neighboring simplices 
match up nicely. For example, we do not want to in- 
troduce different diagonals for a rectangular face of 
one of the prisms. 

Step 4: Fill the Handles. 

The construction of the 1-handles is simple since they 
only have triangular prisms that run parallel along 
each other. However, we want to avoid having any 
unwanted identifications along the handles. So we add 
buffers between neighboring triangular prisms using 
rectangular prisms. Fig. 5 gives a front view of the 




Figure 5: Filling the x-handle of Fig. 3. 



a;-handle. The three blue triangles on the two ends 
are part of the blue solid 3-torus running over the x- 
handle in Fig. 3. The rectangular prisms between the 
triangular prisms are white. We need 7 rectangular 
buffer prisms for the a;-handle and 6 rectangular buffer 
prisms for the y-handle. 



Step 5: Fill the Ball. 

First we explain the reason for choosing the particular 
arrangement of the curves in Fig. 3. Let's look only 
at the rectangular area representing what will become 
our 3-ball, see Fig. 6. 




Figure 6: The portion that will be filled to become 
the 3-ball. The three colored lines go above or below. 



The (curves that represent) prisms in the middle 
ball section are not all parallel and some cross each 
other. The gray lines have no crossings and we place 
them in, say, Level 0. We then let the pink line go 
above (Level -|-1), green goes below (Level -1) and 
orange further below (Level -2). 

To fill the fioors, we first glue in rectangular buffer 
prisms between the parallel strands of the ground 
fioor. Then we glue in 2-dimensional (triangulated) 
membranes to close the holes between the remaining 
strands of the ground floor, then two additional mem- 
branes to close an upper cupula including the pink 
strand and further membranes to obtain another two 
cavities for the two lower fioors. The three cavities 
are then closed by filling in three cones. 

The main part of our construction is now complete. 

Step 6: Go Up In Dimension. 

Having composed , we can now take a direct prod- 
uct of it with the unit interval / = [0, 1] once to 
go to 4-dimensions. In this step, we thicken the 3- 
dimensional solid tori to 4-dimensional solid tori. We 
then take the direct product again to go to 5 dimen- 
sions. This time, we keep the solid 4-tori in one of 
the two boundary components. The product triangu- 
lation procedure [15] is used each time. 

Step 7: Glue In the 2-Handles. 

We glue in the two 2-handles along the two solid 4-tori 
in a canonical way by using four additional vertices 
each. 

Now we have a 5-dimensional ball. 
Step 8: Take Its Boundary. 

Finally, we take the boundary to obtain our (homo- 
topy) 4-sphere. Notice that all the vertices have been 
pushed out onto the boundary at Step 6. 



The final steps tisc tcchniqiics that arc mostly 
canonical and will be described in more detail in a 
full version of this article (in preparation). 

3 Results 

Theorem 1 The series of Akbulut-Kirby spheres 
can be triangulated with face vectors / = (176 + 64 r, 
2390 + 1120 r, 7820 + 3840 r, 9340 + 4640 r, 
3736 + 1856 r) for r > 3, where the triangulations re- 
spect the defining handlebody decompositions as de- 
scribed in the above construction. 

As we hoped, these triangulated spheres have 
shown to be substantially complicated. For exam- 
ple for r = 5, the best discrete Morse vector found, 
(1,2,4,2,1), was reached only 5 times out of 1,000 
random runs. On average, we certainly need more 
than just two critical cells; see Table 1. 
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29.26 
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40.07 
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33.124 
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42.432 
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37.026 


10 


46.946 



Table 1: Average number of critical cells c,- needed 
for r = 5, . . . , 10 in 1,000 runs. 

It is important to note that there does not exist 
an algorithm that can determine whether a (trian- 
gulated) manifold of dimension d > 4 is a sphere 
and existence of such an algorithm is still open for 

= 4. One heuristic way, however, is to perform 
(random) bistellar flips, or Pachner moves [4, 17] to 
show that a given triangulation is PL-equivalent to 
the boundary of a {d + l)-simplex. We have shown 
using polymake [8] that at least for r = 3 the corre- 
sponding Akbulut-Kirby sphere is standard thus re- 
confirming the statement in this case experimentally. 

Another remarkable result of our experiments is 
that the initial nontrivial group presentation can show 
up when we compute the fundamental group as the 
edge-path group according to Scifcrt and Thrclfall [19] 
and then simplifying the presentation using GAP [7]. 
In fact, we found that the fundamental group of the 
complex for r = 5 after some bistellar and (FP) group 
simplification had two generators x and y and two re- 
lators xyx = yxy and x^ = y^- This is exactly the 
presentation with which wc started! 

These spheres have recently been used as test ex- 
amples for the Perseus homology algorithm by Mis- 
chaikow and Nanda [18]. The techniques designed to 
generate these spheres will also be used to construct 
other PL versions of topologically interesting objects. 

Acknowledgments 

Many thanks to John M. Sullivan for helpful discus- 
sions and remarks. We are grateful to Joel Hass 
and to William P. Thurston for directing us to the 



Akublut Kirby spheres as non-trivial constructions of 

4-spheres. 
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